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Abstract
In this work, an interaction between prey and its predator involving the effect of fear in presence of the predator and the square root functional response is
investigated. Fixed points and their stability condition are calculated. The conditions for the occurrence of some phenomena namely Neimark-Sacker, Flip,
and Fold bifurcations are given. Base on some hypothetical data, the numerical simulations consist of phase portraits and bifurcation diagrams are
demonstrated to picturise the dynamical behavior. It is also shown numerically that rich dynamics are obtained by the discrete model as the effect of fear.
Keywords: Discrete prey-predator; Stability; Neimark-Sacker bifurcation; Flip bifurcation; Fold bifurcation; Fear effect
1. Introduction
The prey-predator model, still now an exciting topic in mathematical biology. Most of this ecological problem
which studies the interaction between a prey and its predator is modeled by deterministic approach using first-
order differential equation [1–5], fractional-order differential equation [6–8], or with discrete-time equation [9–
13]. Particularly, discrete models are an essential tool for mathematical biology problems. The discrete-time
population models are based on a phenomenon in which time is not considered a continuous function. These
models focus on such biological situations in which it is natural to view an event at discrete time intervals. The
discrete-time population model is applicable for non-overlapping generation models. Such models appear to be
more realistic than continuous ones when the population size is small.
Din [9] discussed chaos control in a discrete-time prey-predator system. Zhao and Du [10] investigated a discrete-
time prey-predator model with an Allee effect. Santra and Mahapatra [11] studied the dynamics of a discrete-
time prey-predator model under imprecise biological parameters. Santra et al. [12] investigated bifurcation and
chaos of a discrete predator-prey model with Crowley-Martin functional response. For some more dynamical
investigations related to different versions of prey-predator models, we refer to Singh and Deolia [14], Khan and
Khalique [15], and references therein.
If we look further in nature, the predation process depends on which organisms interacted. For example, a
bilinear predation process that appears in most marine ecosystems, a saturated predation process in the forest
ecosystem, and a ratio-dependent predation process that assumes both prey and predator densities affect the
predator’s ability in predation. This mechanism is called the predation functional response which corresponds to
the prey and predator natural behaviors. One popular predation mechanism is square root functional response
which states the prey has herd behavior so that the predator is difficult to hunts when the population density of
prey is high [3, 16, 17]. Although the prey has herd behavior, naturally they have fear of the presence of prey.
The effect of fear has a direct impact on prey reproduction [18–21]. Based on those descriptions, we study the
dynamical behaviors of a discrete-time prey-predator system involving both fear effect and square root functional
response.
We arrange this paper as follows. In Section 2, the discrete-time model is formulated using Euler’s scheme. The
existence of fixed points and their local stability are given in Section 3. In Section 4, the existence condition of
Neimark-Sacker, Flip, and Fold bifurcations are proposen. To support the theoretical findings, we present some
numerical simulations in Section 5. Finally, this paper ends with a conclusion in Section 6.
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2. Model formulation
These works study the impact of fear to the dynamics of a modified Lotka-Volterra model with square root


















where x(t) and y(t) represent the density of prey and predator populations respectively, with initial condition
x(0) ≥ 0, and y(0) ≥ 0. The parameters r, k, φ, b, c, and d respectively denote the intrinsic per capita growth
rate of prey, the environmental carrying capacity of prey, the fear effect due to predation, the maximal per capita
consumption rate of predators, the efficiency with which predators convert consumed prey into new predators,
and the per capita death rate of predators. Now, by applying the forward Euler’s scheme to (1), we achieve the
discrete model as follows.


















where h is the step size and {r, k, φ, b, c, d} ∈ R+. The dynamics are investigated in the region Ω = {(x, y) : x ≥
0, y ≥ 0} for the biological reason.
3. General stability analysis
3.1. Fixed points
The following equations are solved to determine fixed points of the system (2).


















Therefore, three types biological fixed points are obtained namely the origin P0 = (0, 0), the extinction of predator

















3.2. Local stability analysis
In this section, we discuss the local stability of fixed points. By linearization around (x, y), the Jacobian matrix J
for the system (2) is given by
J =





































Therefore, from matrix J, we acquire the characteristic equation λ2 − Tλ + D = 0, where
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Hence, the following statements hold.
(i) If |D| < 1 then system (2) is a dissipative dynamical system.
(ii) |D| = 1 if and only if system (2) is a conservative dynamical system.
(iii) system (2) is an undissipated dynamical system otherwise.
Now, the following theorems are given to describe the dynamical behavior around each fixed points.
Theorem 1. The fixed point P1 = (k, 0) is
(i) Sink if |1− rh| < 1, and
∣∣∣1 + h [c√k− d]∣∣∣ < 1,
(ii) Source if |1− rh| > 1, and
∣∣∣1 + h [c√k− d]∣∣∣ > 1,
(iii) Saddle if |1− rh| > 1, and
∣∣∣1 + h [c√k− d]∣∣∣ < 1; or |1− rh| < 1, and ∣∣∣1 + h [c√k− d]∣∣∣ > 1,
(iv) Non-hyperbolic if |1− rh| = 1 or
∣∣∣1 + h [c√k− d]∣∣∣ = 1.


















. Obeying Lemma 1 in [13], all statements
are proven. 
Theorem 2. If 1− T + D > 0, then interior fixed point P2 (x2, y2) is: (i) Sink if 1 + T + D > 0 and D < 1, (ii) Source
if 1 + T + D > 0 and D > 1, (iii) Saddle if 1 + T + D < 0, (iv) Non-hyperbolic if 1 + T + D = 0 and T 6= 0, 2, or
T2 − 4D < 0 and D = 1.
proof. From the Jacobian matrix at the interior fixed point P2 (x2, y2) , we get














































































































By using Lemma 1 and 2 in [13] and obeying Juri condition [22], the dynamics given by Theorem 2 are completely
proven. 
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Figure 1. The bifurcation diagram with respect to the step size h
Figure 2. Phase portraits of the system for different values of step size h
4. Bifurcation Analysis
Bifurcation is a non-linear phenomenon that exhibits the change of dynamical behavior when one or more
parameters are varied. In this section, we propose some one-parameter bifurcations namely Neimark-Sacker
bifurcation, flip, and fold bifurcations. Neimark-Sacker bifurcation indicates the occurrence of closed invariant
curves that isolates a fixed point after its stability change sign. Another bifurcation, flip bifurcation (also known
as period-doubling bifurcation), occurs when the system switches to a new limit-cycle twice the period of the
existing one. Fold bifurcation, in which two fixed points collide and disappear into the system. The sufficient
conditions for the occurrence of those bifurcations are given as follows.
(i) Condition for the occurrence of Neimark Sacker bifurcation [23] at an interior fixed point P2 (x2, y2) is
D = 1. i.e.
h [c
√
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Figure 3. The bifurcation diagram with respect to the fear effect φ

































































































In order to support our analytical results, we perform some numerical simulations consist of bifurcation diagrams
and their appropriate phase portraits. We set the hypotetical parameter values as follows
r = 0.5, k = 1.0, φ = 0.1, b = 0.7, c = 0.5, d = 0.3.
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By varying the step size h in interval [0.1, 1], we portray the bifurcation diagram in Figure 1. For 0.1 ≤ h < 0.45,
the interior point is a sink. This behavior is changed when h crosses 0.415 and nearby solutions converge to a
stable limit-cycle till h = 1. This phenomenon confirms the occurrence of Neimark Sacker bifurcation driven by
step size h given by the previous analytical study. We choose h = 0.4 and 0.45 to ensure the dynamical behaviors
for each condition using phase portraits, see Figure 2.
Now, the influence of the fear effect is studied numerically. By keeping the parameter same as before, using step
size h = 0.4, and varying φ in interval (0, 1], we obtain the bifurcation diagram as in Figure 3. The interior point
which is stable for 0 < φ < 0.155 losses its stability via Neimark-Sacker bifurcation when φ passes through 0.155.
Again, we give two phase portraits to show the dynamics for each case i.e. when φ = 0.1 which gives a stable
interior point as in Figure 4A and when φ = 0.2 where the stability of interior point is gone and the solution
converge to the limit-cycle as in Figure 4B.
From numerical results, we conclude that the step size h and the fear effect due to predator φ are the parameters
for Neimark-Sacker bifurcations. Those parameters play crucial roles in controlling the dynamical behaviors of
the system. The biological meanings of these numerical phenomena show us that there exists a condition when
the interior point loses its stability, the existence of both populations still maintained by changing their densities
periodically.
6. Conclusion
The impact of the step size and the effect of fear on the dynamical behaviors of the prey-predator interaction
have been investigated both analytically and numerically. The biological conditions of the local dynamics for
each fixed point have been given. The sufficient condition for the occurrence of Neimark-Sacker, flip, and fold
bifurcation also have been identified analytically. Some numerical simulations exhibit that the step size and the
effect of fear have an impact on the dynamics of the system especially in the interior of the system. The impact
of the Neimark-Sacker bifurcation shows that the density of both populations changes periodically when the
interior point loses its stability.
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